The effect of surface roughness on the adhesion of elastic sohds 
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We study the influence of surface rougliness on the adhesion of elastic solids. Most real surfaces 
have roughness on many different length scales, and this fact is taken into account in our analysis. 
We consider in detail the case when the surface roughness can be described as a self afiine fractal, 
and show that when the fractal dimension D{ > 2.5, the adhesion force may vanish, or be at least 
strongly reduced. We consider the block-substrate puU-ofT force as a function of roughness, and find 
a partial detachment transition preceding a full detachment one. The theory is in good qualitative 
agreement with experimental data. 
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1. Introduction 

Even a highly polished surface has surface roughness 
on many different length scales. When two bodies with 
nominally flat surfaces are brought into contact, the area 
of real contact will usually only be a small fraction of 
the nominal contact area. We can visualize the contact 
regions as small areas where asperities from one solid are 
squeezed against asperities of the other solid; depending 
on the conditions the asperities may deform elastically or 
plastically. 

How large is the area of real contact between a solid 
block and the substrate? This fundamental question has 
extremely important practical implications. For exam- 
ple, it determines the contact resistivity and the heat 
transfer between the solids. It is also of direct importance 
for sliding friction [Q, e.g., the rubber friction between 
a tire and a road surface, and it has a major influence 
on the adhesive force between two solids blocks in direct 
contact. One of us has developed a theory of contact 
mechanics [D, valid for randomly rough (e.g., self affine 
fractal) surfaces, but neglecting adhesion. Adhesion is 
particular important for elastically soft solids, e.g., rub- 
ber or gelatine, where it may pull the two solids in direct 
contact over the whole nominal contact area. 

In this paper we discuss adhesion for randomly rough 
surfaces. We first calculate the block-substrate pull-off 
force under the assumption that there is complete contact 
at the in the nominal contact area. We assume that the 
substrate surface has roughness on many different length 
scales, and consider in detail the case where the surfaces 
are self affine fractal. We also study pull-off when only 
partial contact occurs in the nominal contact area. 

The influence of surface roughness on the adhesion be- 
tween rubber (or any other elastic solid) and a hard sub- 
strates has been studied in a classic paper by Fuller and 
Tabor ||^. They found that already a relative small sur- 
face roughness can completely remove the adhesion. In 



order to understand the experimental data they devel- 
oped a very simple model based on the assumption of 
surface roughness on a single length scale. In this model 
the rough surface is modeled by asperities all of the same 
radius of curvature and with heights following a Gaus- 
sian distribution. The overall contact force was obtained 
by applying the contact theory of Johnson, Kendall and 
Roberts to each individual asperity. The theory pre- 
dicts that the pull-off force, expressed as a fraction of 
the maximum value, depends upon a single parameter, 
which may be regarded as representing the statistically 
averaged competition between the compressive forces ex- 
erted by the higher asperities trying to prize the surfaces 
apart and the adhesive forces between the lower asper- 
ities trying to hold the surfaces together. We believe 
that this picture of adhesion developed by Tabor and 
Fuller would be correct if the surfaces had roughness on 
a single length scale as assumed in their study. However, 
when roughness occurs on many different length scales, 
a qualitatively new picture emerges (see below), where, 
e.g., the adhesion force may even vanish (or at least be 
strongly reduced), if the rough surface can be described 
as a self affine fractal with fractal dimension Df > 2.5. 
We also note that the formalism used by Fuller and Ta- 
bor is only valid at "high" surface roughness, where the 
area of real contact (and the adhesion force) is very small. 
The present theory, on the other hand, is particularly ac- 
curate for "small" surface roughness, where the area of 
real contact equals the nominal contact area. 

2. Qualitative discussion 

Assume that a uniform stress a acts within a circu- 
lar area (radius R) centered at a point P on the surface 
of a semi-infinite elastic body with elastic modulus E, 
see Fig. ^. This will give rise to a perpendicular dis- 
placement M of P by a distance which is easy to calculate 
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using continuum mechanics: u/R « a/E. This result 
can also be derived from simple dimensional arguments. 
First, note that u must be proportional to a since the 
displacement field is linearly related to the stress field. 
However, the only other quantity in the problem with 
the same dimension as the stress a is the elastic modulus 
E so u must be proportional to a/E. Since R is in turn 
the only quantity with the dimension of length we get at 
once u ^ {a/E)R. Thus, if h and A represent perpen- 
dicular and parallel roughness length scales respectively, 
then if /i/A « cr/£', the perpendicular pressure a will be 
just large enough to deform the rubber to make contact 
with the substrate everywhere. 
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FIG. 1. A uniform stress a, acting within a circular area 
(radius R) on the surface of a semi-infinite elastic medium, 
gives rise to a displacement u. 

Let us now consider the role of the rubber-substrate 
adhesion interaction. When the rubber deforms and 
fills out a surface cavity of the substrate, an clastic en- 
ergy Ue\ « EXh^ will be stored in the rubber. Now, 
if this elastic energy is smaller than the gain in ad- 
hesion energy [/ad ~ —A'^X^, where — A7 is the local 
change of surface free energy upon contact due to the 
rubber-substrate interaction (which usually is mainly of 
the van der Waals type), then (even in the absence of 
the load F^) the rubber will deform spontaneously to fill 
out the substrate cavities. The condition Ud = — f/ad 
gives h/X fa {A-i/EXf/'^. For example, for very rougn 
surfaces with h/X ~ 1, and with parameters typical of 
rubber E = 1 MPa and A7 = 3 meV/A , the adhesion 
interaction will be able to deform the rubber and com- 
pletely fill out the cavities if A < 0.1 fim. For very smooth 
surfaces h/X ~ 0.01 or smaller, so that the rubber will 
be able to follow the surface roughness profile up to the 
length scale A ^ 1 mm or longer. 

The discussion above assumes roughness on a single 
length scale A. But the surfaces or real solids have rough- 
ness on a wide distribution of length scales. Assume, for 
example, a self affine fractal surface. In this case the sta- 
tistical properties of the surface are invariant under the 



transformation 

X ^ X C, z z (^^ 

where x = (x, y) is the 2D position vector in the surface 
plane, and where < -ff < 1. This implies that if ha 
is the amplitude of the surface roughness on the length 
scale Ao, then the amplitude h of the surface roughness 
on the length scale A will be of order 

h^ho (X/Xo)" 

Thus, the condition £'ad > E^i, i.e., A7A > Eh"^, gives 

A7A>i..^(-j 

or 

[xV"-' A7A0 

VAo/ Ehl 

Hence for H > 1/2, if AjXq /Eh^ > 1 the adhesion will 
be important on all length scales, and complete contact 
will occur at the interface. When H < 1/2 it is clear that 
without a short-distance cut off, adhesion and the area of 
real contact will vanish. In reality, a finite short-distance 
cut off will always occur, but this case requires a more 
detailed study (see in Sec. 3). Also, in the analysis above 
we have neglected that the area of real contact depends 
on h (i.e., it is of order A^ only when h/X << 1). A more 
accurate analysis follows below. 

3. Interfacial elastic and adhesion energies for 
rough surfaces 

Assume that a flat rubber surface is in contact with 
the rough surface of a hard solid. Assume that because 
of the rubber-substrate adhesion interaction, the rubber 
deforms elastically and makes contact with the substrate 
everywhere, see Fig. ^. 
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FIG. 2. The adhesion interaction pull the rubber into 
complete contact with the rough substrate surface. 

Let us calculate the difference in free energy between 
the rubber block in contact with the substrate and the 
non-contact case. Let z = /i(x) denote the height of the 
rough surface above a flat reference plane (chosen so that 



{h) = 0). Assume first that the rubber is in direct contact 
with the substrate over the whole nominal contact area. 
The surface adhesion energy is assumed proportional to 
the contact area so that 

1/2 
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where we have assumed | Vh |<< 1. Now, using 
/i(x) = j d^q /i(q)e*'i-^ 



we get 
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E being the elastic modulus and v the Poisson ratio. 
If we assume that complete contact occurs between the 
solids, then — h{x) and from (3) and (5)-(7), 

t/ol « / d'q (ti.(q)«.(-q)) [M,,(-q)]-i 
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The change in the free energy when the rubber block 
moves in contact with the substrate is given by the sum 
of (4) and (8): 



Uol + C/ad 



where 



A7off = A7 
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(27r)2 / d^qq^h{q)h{-(i)) 



= AoJ d\ q^C{q) (2) 

where the surface roughness power spectrum is 

C{q) = / rf'^ (Mx)MO))e-''>-, (3) 

where (...) stands for ensemble average. Thus, using (1) 
and (2): 



t/ad « -^oA7 



l + \ I d'q q^C{q) 



(4) 



Next, let us calculate the elastic energy stored in the 
deformation field in the vicinity of the interface. Let 
Mz(x) be the normal displacement field of the surface of 
the elastic solid. We get 
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d^x (u^(x)a-2(x)) 



d^q (-U2(q)cr2(-q)) 



Next, we know that |^ 

liz(q) = M2z(q)a-^(q) 



(5) 
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dq q^C{q) 



90 



(9) 



The theory above is valid for surfaces with arbitrary 
random roughness, but will now be applied to self-afhne 
fractal surfaces. It has been found that many "natu- 
ral" surfaces, e.g., surfaces of many materials generated 
by fracture, can be approximately described as self-afhne 
surfaces over a rather wide roughness size region. A self- 
affine fractal surface has the property that if we make a 
scale change that is appropriately different along the two 
directions, parallel and perpendicular, then the surface 
does not change its morphology |^ . Recent studies have 
shown that even asphalt road tracks (of interest for rub- 
ber friction) are (approximately) self-afhne fractal, with 
an upper cut-off length Aq = 27r/(7o of order a few mm 
§. For a self affine fractal surface §,0]: C{q) = for 
q < qo, while for q > qo: 
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where H = 3 — D[ (where the fractal dimension 2 < 
D{ < 3), and where go is the lower cut-off wavevector, 
and ha is determined by the rms roughness amplitude, 
{h') = hl/2. 

Substituting (10) in (9) gives 



A7off = A7 



l + UqohofgiH}- 
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where 



f{H) 



9{H) = 
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(12) 



(13) 



If we introduce the length 5 = 4(1 — i''^)Aj/E, then (11) 
takes the form 



A7off = A7 



1 + (qohof ( ^g{H) - —f{H) 



(14) 



In Fig. H we show f{H) and g{H) as a function of 
H. Note that the present theory is vahd only if 
iqoho)'^g{H)/2 < 1, otherwise the expansion of the 
square-root function in (1) is invalid. 




FIG. 3. The functions f{H) and g{H) are defined in the 
text. 

Consider first an elastically very soft solid, e.g., jelly. 
In this case, using E « 10'* Pa and A7 w 3 meV/A^, 
we get (5 « 10 /zm, and since typically qo = 27r/Ao ~ 



(10 /Ltni)~i and g{H) » f{H), we expect A7eff > A7. 
Thus, for an (elastically) very soft solid the adhesion 
force may increase upon roughening the substrate sur- 
face. This effect has been observed experimentally [||, 
and the present theory explains under exactly what con- 
ditions that will occur. 

For most "normal" solids, A7 « Ea, where a is an 
atomic distance (of order ~ 1 A) and E the elastic mod- 



ulus. Thus, S 



1 A and typically 1/qoS ^ 10 so 



that the (repulsive) energy stored in the elastic deforma- 
tion field in the solids at the interface, and proportional 
to f{H), largely overcomes the increase in adhesion en- 
ergy derived from the roughness induced increase in the 
contact area, described by the term {qoho)^g{H)/2. 

Let us note the following very important fact. Many 
solids respond in an elastic manner when exposed to 
rapid deformations, but flow plastically on long enough 
time scales. This is clearly the case for un-cross-linked 
glassy polymers, but it is also to some extent the case for 
rubbers with cross-links. The latter materials behave as 
relative hard solids when exposed to high-frequency per- 
turbations, while they deform as soft solids when exposed 
to low-frequency perturbations. Thus, when such a solid 
is squeezed rapidly against a substrate with roughness 
on many different length scales, a large amount of elas- 
tic energy may initially be stored in the local (asperity 
induced) deformation field at the interface. However, if 
the system is left alone (in the compressed state) for some 
time, the local stress distribution at the interface will de- 
crease (or relax, because of thermal excitation over the 
barriers), while the area of real contact simultaneously in- 
creases. This will result in an increasing adhesion bond 
between the solids, and a decrease in the elastic deforma- 
tion energy stored in the solids: both effects will tend to 
increase of the pull-off force. (Note: The elastic energy 
stored at the interface during the compression phase is 
almost entirely given back during slow pull-off.) Since we 
use a frequency independent elastic modulus, such time- 
dependent effects are, of course, not taken into account 
in the analysis presented above. 

The interfacial free energy is a sum of the adhesive 
part Und, which is proportional to the area of real con- 
tact, and the elastic energy Ud stored in the strain field 
at the interface. As long as AU = C/ad + C4i < 0, a finite 
pull-off force will be necessary in order to separate the 
bodies. When the amplitude of the surface roughness in- 
creases, AU will in general increase and when it reaches 
zero, the pull-off force vanish. Suppose now that an elas- 
tic slab has been formed between two solids from a liquid 
"glue layer" , which has transformed to the solid state af- 
ter some hardening time. For example, many glues con- 
sist of polymers which originally are liquid, and slowly 
harden, e.g., via the formation of cross bridges. In this 
case, if the original liquid wets the solid surfaces, it may 
penetrate into all surface irregularities and make intimate 
contact with the solid walls, and only thereafter harden 



to the solid state. Ideally, this will result in a solid elastic 
slab in perfect contact with the solid walls, and without 
any interfacial elastic energy stored in the system, i.e., 
with Uci = 0. (In practice, shrinkage stresses may de- 
velop in the glue layer, which will lower the strength of 
the adhesive joint.) Thus the last term in the expression 
for A7efi vanish, and A7eff will increase with increas- 
ing surface roughness in proportion to the surface area. 
This will result in an increase in the pull-off force, but 
finally the bond-breaking may occur inside the glue film 
itself rather than at the interface between the glue 
film and the solid walls (see Fig. |^); from here on no 
strengthening of the adhesive bond will result from fur- 
ther roughening of the confining solid walls. 
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In what follows we will assume a << 1 and neglect the 
a term in (17). Note that without a low-distance cut-off 
(i.e., qi/qo = oo), f{H) — oo ior H < 1/2 and it is clear 
that in this limiting case no adhesive interaction will oc- 
cur independent of the magnitude of A7. (This statement 
is only strictly true as long as the attractive interaction 
responsible for A7 is assumed to have zero spatial ex- 
tent.) The physical reason is that in this case the elas- 
tic energy stored in the deformation fields in the solids 
will always be larger than the adhesion energy which is 
proportional to A7. Note that for the important case 
i7 w 1/2, and if a « 1, (17) gives 



A7efl « A7 
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(18) 



which (for qi/qo >> 1) is rather insensitive to the actual 
magnitude of qi/qo- 

In the study above we have compared the free energies 
for the case of complete contact between the rubber and 
the substrate, with the case when no contact occur. In 
reality, for large enough surface roughness the free energy 
may be minimal for partial contact. Indeed, the experi- 
mental results of Fuller and Tabor [|j suggest this to be 
the case (see Sec. 4), and in Sec. 5 we will consider this 
case in greater detail. 



FIG. 4. When the interaction between the "glue" film 
and the substrate is "strong" , the separation may involve in- 
ternal rupture of the glue film rather than detachment at the 
interface. 

Thus, the fundamental advantage of using liquid-like 
glues (which harden after some solidification time) , com- 
pared to pressure-sensitive adhesives which consist of 
thin solid elastic {E « 10^ — 10^ Pa) films, and which 
develop tack only when squeezed between the solid sur- 
faces, is that in the former case no elastic deformation 
energy is stored at the interface (which would be given 
back during the removal process and hence reduce the 
strength of the adhesive bond), while this may be the 
case for the latter type of adhesive, unless the interfacial 
stress distribution is able to relax towards the stress free 
state (which requires the absence of cross links, or such 
a low concentration of cross links that "thick" liquid-like 
polymer layers occur at the interfaces). 

If we define 



iqohofgiH)/2, 



4(1 - j/2)A7' 



(15) 
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4. Contact mechanics with adhesion: complete 
contact 

We consider the simplest possible case, namely a rect- 
angular elastic block with flat surfaces, in contact with 
a nominally flat substrate surface. Assume that the 
block has a height = L and the bottom surface area 
Aq — LxLy. Assume that the upper surface of the block 
is camped in the perpendicular direction [indicated by 
the thin (rigid) black slab in Fig. 5], and pulled vertically 
with the force . We assume that the bond between the 
block and the substrate breaks via the propagation of an 
interfacial crack, which may nucleate either (a) at the 
periphery of the contact area, or (b) at some point inside 
the contact area (see Fig. 5). In the following we will 
make the simplifying assumption that the stress in the 
block far away from the crack is uniaxial, as would be 
the case if the elastic film would be able to slide in the 
parallel direction. Thus, if the upper clamped surface is 
moved upwards with the distance u, then the elastic en- 
ergy stored in the block (in the absence of the crack) is 
AqLE{u/L)'^ /2. Thus, assuming zero surface roughness, 
we write the potential energy for the system as (see Fig. 
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then (11) takes the form 



Minimizing this expression with respect to u gives 



A7eff = A7(l-Ha-^/(i/)) 



(17) 



Fn = AqEu/L 



(19) 



Now, consider Fn > 0. The block-substrate bond clearly 
cannot break if the elastic energy stored in the block is 
smaller than the surface energy AA7 created when the 
block-substrate bond is broken. We expect the bond be- 
tween the block and the substrate to break when the 
elastic energy becomes equal to the surface energy, i.e., 

^AoLE (^^y ^ AoA-f 

or 



and the pull-off force Fn = Fc [from (19)]: 

F,.A,{^f ,20, 

The condition used above to determine the adhesion force 
Fc, namely that the elastic energy stored in the block 
equals the created surface energy, is only valid if the 
strain field in the block is constant (which is the case 
in the present simple geometry, but not in more complex 
geometries, e.g., when a ball is squeezed against a flat 
substrate). In general, this condition must be replaced 
with the condition that U is stationary as the contact 
area is varied, i.e., dU/dAo = 0. 




FIG. 5. The block-substrate bond is broken by a crack 
propagating (a) from the periphery of the contact area, or 
(b) by a crack which has nucleated somewhere in the contact 
area, e.g., at an imperfection, (c) Definition of the displace- 
ment u. 



The free energy minimization calculation performed 
above can be extended to more complicated systems. 
For example, when an elastic sphere (radius Rq) is in 
contact with a substrate, the pull-off force becomes (see 
Appendix A) 

Fc = (3V2)i?oA7 (21) 

This result was first derived by Sperling jl^] and (inde- 
pendently) by Johnson, Kendall and Roberts [Q. Kendall 
has reported similar results for other geometries of inter- 
est Q. 

Consider now the same problems as above, but assume 
that the substrate surface has roughness described by the 
function z = h{x). We now study how the adhesion force 
is reduced from the ideal value (20) or (21) as the am- 
plitude of the surface roughness is increased. Let us first 
assume that the adhesive interaction is so strong that the 
elastic solid is in contact with the substrate everywhere. 
In this case we can still use the result (20), but with A7 
replaced by A7cff as given by (11). Thus if a << 1 we 
get for a rectangular block in contact with a nominally 
flat substrate: 

Fc = {FcU,^[l-0f(H)f^ (22) 

where (Fc)max is given by (20). Similarly, for an elastic 
sphere in contact with a nominally flat substrate 

Fc - {Fc)m.. [1 - OfiH)] , (23) 

where (Fc)inax is given by (21). Note that Fc — > as 
Of{H) 1; when Of{H) = 1 the elastic energy stored 
in the deformation field at the interface equals the sur- 
face energy A'jA (where A is the area of real contact), 
and no "external" energy is necessary in order to break 
the block-substrate bond. When 9f{H) > 1, the elastic 
energy stored at the interface is larger than the gain in 
surface energy which would result from the direct contact 
between the block and the substrate; this state is stable 
only if the solids are squeezed against each other with an 
external force. 
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FIG. 6. The puU-ofF force F^, in units of the maximum 
pull-off force, as a function of the surface roughness ampli- 
tude ho. The solid and dashed lines are theoretical curves 
for a rectangular block, and for a spherical ball, respectively, 
assuming complete contact in the nominal contact area (see 
text). The circles are experimental data from Ref. 3., and 
the dot-dashed line is a guide to the eye 

In Fig. H we compare the present theory with the ex- 
perimental results of Fuller and Tabor for different sur- 
face roughness. The solid and dashed lines are theo- 
retical curves for a rectangular block, and for a spher- 
ical ball, respectively, assuming complete contact in the 
nominal contact area. The agreement between theory 
and experiment is good for small rms roughness values, 
ho/hmax < 0.2 (where /imax is the /ig-value for which 
efiH) = 1, i.e., /i,nax = 2[(1 - ,y^)Aj/EqofiH)]^/^), but 
for large ho the experimental pull-off force falls somewhat 
below the theoretical prediction. This may be due to the 
fact that for "large" surface roughness the free energy is 
minimal (when _Fn = 0) for partial rubber-substrate con- 
tact, rather than for complete contact (or zero contact), 
as assumed above, see Fig. ^ 




FIG. 7. For "large" surface roughness the free energy is 
minimal (when _Fn = 0) for partial rubber-substrate contact, 
rather than for complete contact. 




FIG. 8. The detachment transition (schematic). For small 
surface roughness, complete contact occurs in the nominal 
contact area (top), while for large surface roughness there is 
a jump to partial contact (bottom). 

In fact, for surface roughness on a single length scale, 
e.g., z = hocos{qox) , it is easy to convince oneselves that 
there will be a discontinuous detachment transition from 



complete contact to partial contact (Fig. ^) when the 
pull-off force (or the amplitude of the roughness ho) is 
increased. This can be seen directly if we consider a very 
narrow detached region at the bottom of a valley as in 
Fig. ^. We can treat the detached region as a crack of 
width b. As is well known in that case the stress at 
the crack edges will be proportional to (6/r)^/^, where r 
is the distance away from a crack edge. Thus, the local 
stress at a crack tip will increase with the width b of the 
crack, so that after nucleation the crack will expand to 
a finite size. Thus partial detachment on a single length 
scale is a first order transition. We have performed a pre- 
liminary study [p^ [for a cos(5oa;)-profile] which shows 
that on increasing the pull-off force (or increasing ho at 
vanishing external force) the system first "fiips" from a 
state with complete contact, to another "asperity con- 
tact" state (Fig. 8) where the width of the contact region 
is less than A/2 as indicated in Fig. 8 (bottom). 
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FIG. 9. When the amplitude ho of the surface roughness, 
or the pull-off force Fn, is increased beyond a critical value, a 
discontinuous detachment transition takes place from a state 
of complete contact to partial contact. The transition can be 
considered as resulting from the nucleation of a crack at the 
bottom of the valley, followed by rapid expansion of the crack 
until it reaches a width of order ~ A/2. 

Real surfaces do, of course, exhibit roughness on many 
different length scales, and the relation between the pull- 
off force and the center of mass displacement is there- 
fore likely to be continuous for most systems of practical 
interest. Nevertheless, during pull-off rapid fiip events 
may take part at the interface, where the solids first un- 
dergoes local detachment in the valleys of the roughness 
profile, followed at large enough pull off force by com- 
plete detachment, the asperity contact areas detaching 
the last. Because of the long-range nature of the elas- 
tic interaction, one may expect a cooperative behavior of 
the detachment process, where detachment in one local 
area may induce detachment in other interfacial surface 
areas. Fuller and Roberts ^ have studied the line of peel- 
ing (crack edge) during pull off. For smooth surfaces the 
line is straight and peeling occurs uniformly. Roughen- 



ing the counterface makes the line increasingly irregular, 
and peeling is intermittent, involving short sections of the 
front at a time. This mode of behavior indicates varia- 
tion in the strength of the adhesion over the contact area 
as a result of the irregularly fluctuating surface rough- 
ness. The exact nature of the detachment process and 
its possible collective behavior represents an interesting 
problem for future studies. 

Fuller and Tabor performed experiments with three 
different rubbers with very different elastic modulus E. 
The dependence of the adhesion on the magnitude of E is 
in good agreement with the theoretical predictions above. 

5. Contact mechanics with adhesion: partial 
contact 

We will now show that the discrepancy between the- 
ory and experiment for /lo/^max > 0.2 in Fig. ^ is due to 
rubber-substrate detachment, which reduces the area of 
real contact and the pull-off force for large surface rough- 
ness. We assume again that the rough surface is a self 
affine fractal with a long distance cut-off Aq = 2n/qQ. 
We will refer to the "asperities" on the length scale Xq as 
the macro asperities. The macro asperities are covered 
by shorter wavelength roughness down to the lower cut- 
off length Ai = 2Tr/qi. We assume the contact between 
the rubber and the substrate to involve just a fraction of 
the macro asperities. We will refer to a contact region 
between a macro asperity and the substrate as the "as- 
perity contact area" . We now make the basic assumption 
that the rubber is in direct contact with the substrate in 
the asperity contact areas and we will take into account 
the short-wavelength surface roughness simply by using 
the effective A7eff introduced above. Thus, the present 
problem reduces to the study of Fuller and Tabor, except 
that we must replace A7 with A7eff. Since A7cff 
as 9f{H) — > 1 it is still true that the pull-off force van- 
ish when 9f{H) — 1. However the pull off force before 
detachment will not be the same. 




system is: 

U = -Fnu+-AnLEi-^j +V{v), (24) 

where u and v are the (lateral averaged) displacements 
of the upper and lower surface of the block (see Fig. |o|) , 
and the block-substrate asperity interaction energy is 

/•oo 

V = mAa / dz (j){z)U^sp{z - v), (25) 



no is the concentration of macro asperities, and [/asp 
the interaction energy between a substrate asperity and 
the elastic block, and Zc is the smallest asperity height 
for which block-substrate contact occurs. The asperity 
height distribution (t>{z) is assumed to be Gaussian so 
that 111 



(z) = (7r;i2)-i/2^-(./M^ 



(26) 



The radius r of an asperity contact region can be re- 
lated to the compression h = z — v via (during pull-off, 
h < 0)(see Appendix A and Ref. H]): 



h^f^~ (2f) 



1/2 



(27) 



Here r = aRr and h — a^Rh, where a — 
(^A7eff/S*i?)i/3 (where A7eff = A7[l - OfiH)]), de- 
fines the dimensionless quantities f and h. The energy 
[see (All)]: 



[/as. - E*R'a' f + - Jf^ (2f)^/2 ) (28) 



Substituting (26) and (28) in (25) and defining z = a^Rz 
gives 

V = noAo r dz a^R{TThiy'^\~''"i""''/''°y 



x£;*i?3a5(^-5^-2_4_3(2f)l/2 

' 15 3 



(29) 



Now, let us change integration variable, from z to r. Us- 
ing z — h + v/a^R and (27) gives 



dz = dr 

Thus, 

/■oo 

V = tt-oAq / df 



2f- (2f)-i/2 



2r-(2f)-i/2l a'R{j:hl)-^'^ 



FIG. 10. Definition of the displacements u and v. 



Let us consider the case of a rectangular block in con- 
tact with a rough substrate. The potential energy for the 



15 3 



where (see Appendix A) Tc = (9/8)^/'^. Note that 



e 



2/3 



ho 



E*K 



(31) 



where we have assumed that 1/R « q^ho. If we denote 
f = X for simpUcity, then (30) gives 

V - -no^o A7off i?/iot^(^, v/ho) (32a) 




V = ^ttQ'^ I dx 

'(9/8)1/3 



2x - {2x 



-1/2 



xe 



15 



\e(x''-(2xf')+v/ho? 



-x^ {2x) 



1/2 



(326) 



Minimizing (24) with respect to u gives 

= AoE{u^v)/L (33) 
Similarly, minimization with respect to v gives 



, V " u dV 
AqE^— + = 
L dv 



Using (33) this gives 



dv 



(34) 



Note that Fn only depend on 6 and u/Ziq. In Fig. 11 
we show Fn — ho dV{9,v/ho)/dv as a function of v/Hq 
for = 0.3 and 0.6 [and with f{H) = 1]. Fuller and 
Tabor determined the pull-off force from curves such 
as in Fig. |l^ by the condition dF^/dv = 0. However, 
this is usually not the correct condition: If the elastic en- 
ergy in the block becomes equal to the interfacial energy 
AoAjctf before the condition dF^/dv = is satisfied, 
then the pull-off force will be determined by Uei = — J7ad- 
The latter condition is relevant if the size of the block is 
large enough (see below), which will be assumed to be 
the case in what follows. 



FIG. 11. The normalized force Fn = ho dV{e,v/ho)/dv 
as a function of the displacement v (in units of ho) of the 
bottom surface of the block. For 9 = 0.3 and 0.6, and with 
fiH) = 1. 

The pull-off force is determined by the condition that 
the elastic energy stored in the system is just large 
enough to break the attractive block-substrate bond. 
This gives 



or, using (33), 



^AoLE ( 

2 \AoE 



+ Viv) = 0, 



+ Viv) = 



(35) 



Using (32a) this gives 

f,„^.(H^)"^_L[v-(«, „/.„,] 

or, comparing to (20), 



1/2 



Fr 



(Fc)„,ax [1 - Of{H)f' [V{0, v/ho)] /27r (36) 



Note that Fc ^ L~^/^ so that in the limit of large L, Fc 
will be very small and we can obtain the relevant v/ho 
to be used in V{d,v/ho) in (36) by putting F-^ = in 
(34), i.e., dV/dv ^ 0. In Fig. y (dashed line) we show 
the resulting pull-off force as a function of Hq. Note that 
there are no fitting parameters in the theory, and that 
the calculation is in good qualitative agreement with the 
experimental trend, especially near Zimax- In fact, the 
present model calculation is only valid when the asperity 
contact area is very small compared to A'^ (only then is 
the JKR theory valid), i.e., the theory holds strictly only 
for ho close to (but below) ft-max- Thus, it is not surpris- 
ing that the experimental reduction in the pull-off force 



for ho well below ftmax is somewhat larger than predicted 
by the theory. Nonetheless, the overall qualitative form 
of detachment-induced pull-off force reduction is in good 
agreement with the experimental data. 
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FIG. 12. Solid line: the relation between the pull-off force 
and the roughness amplitude, assuming complete contact be- 
tween the block and the substrate in the nominal contact area. 
Dashed line: The relation between Fc and ho for partial con- 
tact for f{H) = 1.0. Points are the same experimental data 
of Fig. 6 

Let us close this section by discussing the two al- 
ternative pull-off conditions (a) dF-^/dv = and (b) 
f/ei = -f/ad (or, more generally, dUtot/dAo = 0). Con- 
dition (a) correspond to to a uniform (over the nominal 
contact area) detachment of the block-substrate asperity 
contact areas, while (b) correspond crack propagation, 
either from the periphery of the nominal contact area, 
or from some point (crack nucleation center) inside the 
contact area. As stated earlier, if the block is big enough, 
case (b) will correspond to the smallest pull-off force, and 
will hence prevail. 

6. Discussion 

Consider an elastic block on a substrate. When the 
thickness L = of the block increases (but we assume 
Lx » Lz and Ly » Lz), the pull-off stress Fc/Aq 
decreases as ~ see (20). Thus, for large L the 

(average) perpendicular stress at the block-substrate in- 
terface will be very small (this is the reason for why glue 
films should be very thin in order to give a maximal pull- 
off force), and the magnitude of the surface roughness 
alone will determine whether the elastic media is in com- 
plete contact with the substrate or only in partial con- 
tact. (The same is true if instead of a block, an elastic 
ball is in contact with the substrate. In this case the 
average stress in the contact area at pull-off decreases as 



Rq ' , with increasing radius i?o of the ball.) Of course, 
stress concentration will occur at the crack tip, so that 
partial detachment may occur in a small region around 
the crack tip, even if complete contact occur far away 
from the tip inside the contact region, see Fig. ^ In 
the latter case, even if the crack propagate slowly, at the 
crack tip rapid flip events may occur as the individual 
block-substrate asperity contact areas are broken. This 
may lead to large energy dissipation, as the elastic energy 
stored in the elongated bridges is lost during the rapid 
flip events, and under those circumstances the pull-off 
force will be much larger than predicted by (20) [or (22)]. 
These rapid flips clearly did not play any major role in the 
experiments of Fuller and Tabor, but do occur in many 
practical applications involving glues. Usually the stan- 
dard theory of crack motion can be used to treat these 
more complicated cases, but A7 must now be replaced 
by the strain energy release rate G, which is the energy 
needed to propagate the crack by one unit area. When 
only reversible processes occur at the crack tip (no rapid 
flip processes) , G = A7 (or A7ofr for rough surfaces) but 
if cavity formation and fibrillar structures occur, G may 
be 1000 times (or more) larger than A7. The topic of 
designing glues exhibiting large G is of great practical 
importance. 




"process zone" 



FIG. 13. The transition from complete contact to de- 
tached area may involve a region of partial detachment, called 
the "process zone". 

The region in space where the block-substrate detach- 
ment occur at a crack edge is usually called the crack 
"process zone" (see Fig. ^3|). In some extreme cases the 
width of the this zone may become comparable to (or 
larger than) the width (or Ly) of the nominal con- 
tact region. In this case it is no longer correct (or useful) 
to think about the block-substrate bond breaking as in- 
volving crack propagation. This seems to be the case for 
many practical glues. The theoretical treatment of these 
cases cannot be based on the theory of crack motion, 
but involves new physics, such as the microscopic site of 
cavitation (i.e., the question whether the nucleation oc- 
cur right at the interface or in the bulk of the glue film) , 



the concentration and spatial distribution of cavities, and 
the evolution from cavities to fibrillar structures. These 
processes have been intensively studied recently for a flat 
probe geometry [T^ ], where a block with a nominal flat 
surface is squeezed against a flat substrate covered by 
a thin (usually L « 100 /im) polymer film acting as a 
pressure-sensitive-adhesive. After a short contact time 
the block is removed with a constant pull-off velocity, 
and the relation between the strain and stress is studies 
as function of time, while snap-shot pictures shows the 
geometrical evolution of the adhesive film. It is found 
that very soft adhesive undergo cavitation and fibrilla- 
tion processes when subjected to a tensile stress. A slight 
degree of cross- linking is beneficial for the stability of the 
fibrils, but excessive cross-linking can lead to a prema- 
ture failure of the fibrils, therefore reducing significantly 
the adhesion energy. 

The voids first nucleate in the region which was last 
brought in contact with the probe and thereafter rela- 
tively homogeneously over the whole contact area. Nu- 
cleation will take place near the maxima in the pull-off 
force. The cavities usually nucleate at the probe/film 
interface. The fact that nucleation occurs fairly homo- 
geneously has been interpreted to imply that the nega- 
tive hydrostatic pressure is fairly homogeneous under the 
probe surface. We do befieve this is indeed correct, but 
only after the nucleation of the cavities has started (see 
below). 

Experiments with probe surfaces exhibiting different 
surface roughness have shown that even when cavitation 
and stringing occur, the pull-off force increased signifi- 
cantly when going from rough probe surfaces to smooth 
ones . This is in accordance with the theory presented 
earlier. Simultaneously, there appeared a striking differ- 
ence in the morphology of the de-bonding area. Thus, 
only the rough probe (1.2 ^m rms roughness) gave a 
significant fibrillar structure. The other probe surfaces 
(< 0.1 /xm rms roughness) did not evolve into a fibrillar 
structure so that, in the end, the adhesion energy (the 
energy to separate the probe from the substrate) where 
all quite comparable. 

Let us discuss the process of cavity formation. Let us 
consider a thin polymer film (thickness L) between two 
flat rigid surfaces. If the polymer is considered as fully 
incompressible, then the pressure p in the film is approx- 
imately 



without cross links) (see, e.g., Ref. [|]): 

P^Pext-S/ief (38) 

where /i is the viscosity and e = L/L. In fact, for a 
periodic oscillating strain, e = —iLoe and defining the 
complex elastic modulus E{lo) — —iuifj,, Eq. (38) takes 
the same form as (37) except for a factor of 3. For a 
"nearly" incompressible material, say with the Poisson 
ratio v = 0.49, the pressure distribution becomes much 
fiatter However, the bulk modulus of polymers is 

of order I0^° Pa, while the elastic modulus E « 10'' Pa 
(typical for pressure sensitive adhesives at low deforma- 
tion rate) so that 0.5 — « I0~^; under these conditions 
the pressure distribution in the polymer film will deviate 
negligible from that calculated under the assumption of 
an perfectly incompressible material. We must therefore 
ask why the macroscopic cavities occur uniformly in the 
contact area, in spite of the very non-uniform pressure 
distribution [Eq. (37)] which occur before the nucleation. 
We believe that the explanation of this puzzle may be re- 
lated to detachment, as follows. 

First, note that the typical maximal (average) pressure 
in a pull-off experiment is of order 0.4 MPa. Using 
(37) with L = 100 /im, ro = 1 cm (so that tq/L w 100), 
and E = — 10^ Pa gives the true strain e « 10^^ 
corresponding to the displacement AL = eL « 0.1 //m. 
Now, the rms surface roughness of the probe surface was 
approximately 1 /xm. Thus, it is clear that if a low con- 
centration of microscopic local detachments occur at the 
interface when the stress is increased (see Fig. ||), then 
this will locally reduce the stress in the contact region. 
If we assume some characteristic stress ("yield stress") 
in order to induce a local detachment, the detached ar- 
eas will be distributed in such a way (see Fig. that 
a nearly uniform stress may arise in the contact region 
even before any macroscopic detached regions (cavities) 
can be observed. As the strain is increased further, some 
of the microscopic detached areas will grow into macro- 
scopic cavities. Hence, when the strain becomes so large 
(say 0.3) that (macroscopic) cavities can be observed it is 
clear that they must be more or less uniformly distributed 
in the contact area. This picture is consistent with the 
experimental observation that the cavitation stress is di- 
rectly related to their shear modulus rather than their 
bulk modulus fl^ ]. 



p = pext - Ee \^\^] (37) 

where Poxt is the external pressure, e = AL/L is the 
strain and ro is the radius of the circular contact region. 
The average pressure p = Pcxt — EerQ/2L^. It is inter- 
esting to note that this pressure distribution is similar 
to that for an incompressible fluid (e.g., a polymer melt 




FIG. 14. The external force Fn induce detached areas. 
The concentration of detached areas is highest in the center 
of the contact region, where the tensile stress would be highest 
in the absence of the detached areas. (Schematic.) 



(a) 



good adhesion 
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(b) 

good adhesion 



(c) 



bad adhesion 



Finally, let us comment on the influence of (small) con- 
tamination particles (e.g., dust) on adhesion. It is gen- 
erally believed that dusty rubber surfaces provide bad 
adhesion. Now, while this is true in most practical situ- 
ations, one can imagine cases where it is not true. First, 
note that the adhesion between two smooth, clean (iden- 
tical) rubber surfaces is in general very good (see Fig. 
[l5| ) . Now, if a monolayer (or less) of small particles is 
deposited between the rubber surfaces, this may lead to 
an even larger pull-off force than for the clean rubber sur- 
faces. This follows from the fact that the particle-rubber 
adhesion may be stronger than the rubber-rubber ad- 
hesion [the van der Waals force is proportional to the 
polarizability, which is usually larger for hard (heavy) 
solids (e.g., rock) than for rubbers]. However, if a bilayer 
(or more) of particles occur between two rubber surfaces, 
negligible adhesion is observed, as the separation now oc- 
cur at the particle-particle interface. Similarly, a mono- 
layer of particles at a the interface between a hard solid 
and rubber will result in negligible adhesion. 




FIG. 15. The influence of small particles (e.g., dust) on 
adhesion, (a) The adhesion between two smooth, clean (iden- 
tical) rubber surfaces, or a rubber surface and a smooth hard 
substrate, is in general very good, (b) A monolayer (or less) 
of small particles between two rubber surfaces may lead to a 
pulI-oflF force which is even larger than for the clean rubber 
surfaces (see text), (c) A bilayer (or more) of particles be- 
tween two rubber surfaces result in negligible adhesion. Sim- 
ilarly, a monolayer of particles at a the interface between a 
hard solid and rubber result in negligible adhesion. 



7. Summary and conclusion 

We have studied tiie influence of surface roughness on 
the adhesion of elastic solids. Most real surfaces have 
roughness on many different length scales, and this fact 
has been taken into account in our study. We have con- 
sidered in detail the case when the surface roughness can 
be described by a self affine fractal, and shown that when 
the fractal dimension Df > 2.5, the adhesion force may 
be strongly reduced. We studied the behavior of the 
block-substrate pull-off force as a function of roughness. 
For single scale roughness we find a partial detachment 
transition before full detachment. Finally we studied the 
full detachment transition for the self-affine fractal sur- 
face, and found that total detachment is characterized 
by exactly the same parameter as in the simpler the- 
ory of Fuller and Tabor. The partial detachment which 
occur before full detachment however results in a very 
substantial reduction in the pull-off force prior to full de- 
tachment. That is in good qualitative agreement with 
experimental data. 
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Appendix A 

In this appendix we present, for the reader's conve- 
nience, a short derivation of the JKR theory. Consider 
an elastic sphere (radius R) in contact with a rigid fiat 
solid surface (see Fig. |l^ ). 



and thus 
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which is valid for < r < tq. Let us now determine the 
pressure distribution which gives rise to the displacement 
(Al). Since h « R (and ro << R) wc can determine 
the pressure distribution under the assumption that the 
surface of the sphere is locally flat. Using the theory of 
elasticity, it has been shown that when the surface of a 
semi-infinite elastic solid is exposed to the pressure 
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for r < To, and zero otherwise, then the elastic deforma- 
tion field (for r < tq) becomes (see, e.g., Ref. 18 1): 



E* 



1 



2rl 



(A3) 



where E* = E/ {l-v"^). Comparing (A3) with (Al) 
gives 



E* ( h ro 

0-0 = — 
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(A4) 



(A5) 



Let us calculate the elastic energy stored in the defor- 
mation field in the elastic sphere in the vicinity of the 
substrate. This can be obtained using the general for- 
mula 



(AG) 



FIG. 
strate. 



16. A rubber ball squeezed against a flat rigid sub- 



We assume that there is an attractive interaction be- 
tween the two solids so that the sphere deforms elastically 
at the interface forming a "neck" as indicated in the Fig- 
ure. Let ro be the radius of the (circular) contact area 
and assume that h << R, where R — h is the separation 
between the center of the sphere and the substrate (see 
Fig. |l^). In order for the deformed elastic sphere to take 
the shape indicated in Fig. |l^, the surface of the sphere 
must displace as indicated by the arrows in Fig. |l^ and 
given by the relation 

Uz — h — i?(l — cos 9) 

But since R sin 9 = r we get 

cos 9^ [l-(r/i?)2]^/'«l-rV2i?' 



where the integral is over the surface area r < vq. Sub- 
stituting (A2) and (A3) in (A6) gives 
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If we introduce ^ = 1 — r^/rg we get 



C/ol = 



-1/2 



^le 



1/2 



2- 



hR 



(Ti 



^2X 1/2- 
^0 



ao + y 



1-— (1-0 



/gp gi 
hRKi 5 



(A7) 



Substituting (A4) and (A5) in (A7) gives after some sim- 
plifications 

In order to determine the radius ro of the contact area, we 
must minimize the total energy under the constraint that 
the h = const.. The total energy is given by the elastic 
energy plus the change in the surface energy, —AjirrQ, 
so that 



Let us introduce dimensionless variables. If we define 
a = {'kA'y/E*R)^/^ and introduce ro = aRfo and 
h = a^Rh then the total energy takes the form 

[/tot = E*R'a' (h^fo - ^hfl + ^fl - fi\ (AS) 



The force F is given by 

dUtot 



F = — 



dh 



1 dUto, 
a^R dh 



= E*R^a^ I 2/ifo - -fi 



The condition dUtot/dro = takes the form 



{A9) 



with the solutions 



h^f^„± (2fo) 
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(AlO) 



The two ±-solutions correspond to different total ener- 
gies, and the correct solution is the one which minimize 
the total energy. Substituting (AlO) in (A8) gives 

[/tot = E*R'a' ( A,-5 + ,-2 ± 4 _3 ^2^_^^i/2^ ^^^^^ 

Thus the minus sign solution gives the lowest energy. 
The asperity snap-off is determined by the condition 

dF/drQ = 0. Using (A9) and (AlO) this gives fo = fc = 
(9/8)1/3 and the pull-off force F = -{3tt/2)RAj. 
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